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INTRODUCTION 
RECENTLY, various authors have initiated a qualitative study of noncompact leaves in foliations 
of closed manifolds (e.g. [19,11,3, IS]). We continue this line of investigation for closed 
3-manifolds foliated by surfaces. 
We will need the concept of ends of an open, connected manifold N[l, 17,111. These 
ends form a set 8(N) of ideal points at infinity in a compactication N U g(N) of the 
manifold. For instance, R has two ends ( 2 00) as does the cylinder S’ x R. The corresponding 
compactification of R is a closed interval [ - 00, a] and that of S’ x R is a sphere S* with +w for 
the north pole and - 00 for the south pole. More complicated examples are suggested in Fig. 1, 
where Nr has a sequence of isolated ends converging to one limit end, and N2 has isolated ends 
converging to first order limit ends, themselves converging to one second order limit end. Again 
the compactifications are homeomorphic to S*. As these examples suggest, 8(N) is always a 
compact, totally disconnected, separable space. 
The ends of a leaf L often become visible in terms of simpler leaves around which these 
ends are winding. There results a kind of Poincare-Bendixson theory for foliations of 
codimension one, of which we hope to give a more systematic account elsewhere. In this paper 
we restrict ourselves to leaves that are orientable surfaces and to ends that are isolated in ‘8(L), 
in which case the PoincarbBendixson theory is rather elementary. 
A leaf L in a compact manifold M has a well defined quasi-isomefry fype[l5]. That is, 
arbitrary Riemannian metrics relativized from A4 to L produce Riemannian structures on L that 
differ only up to bounded distortions. By now it is becoming clear that the question of what a 
leaf “looks like” should refer to the quasi-isometry type of L and not merely to its underlying 
Fig. 1. 
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topology (cf. [lS], [21]). This sort of description will include topological properties such as ends, 
as well as metric properties such as growth[l4]. 
An example may clarify the notion of quasi-isometry. Let T, denote the orientable surface 
with one end and infinite genus. There are numerous well known guises under which T, can 
appear, three of which are indicated in Fig. 2. The different appearances assumed by this 
surface reflect the different quasi-isometry types implicit in the pictures. In (a) and (c), T, 
exhibits a metric in which surface area grows quadratically as a function of radius, while in (b) 
the growth is linear. On the other hand, only (c) has “average Euler characteristic zero”[lS]. 
That is, in (c) the absolute value of the Euler characteristic has growth of lower order than the 
growth of area. These properties are examples of quasi-isometry invariants. Other versions of 
T, can be produced with polynomial growth of any degree r, or with exponential growth. 
00: a 0 0 :; . . . ._ . 
(a) InfinIte iall 
cell wlndow 
(b) Jacobs ladder 
Cc) InfInIte Loch Ness monster Cl51 
Fig. 2. 
Let L be a leaf in a closed manifold M. Our main interest is in results linking the 
“appearance” of L with properties extrinsic to L itself (such as the topology of M or the nature 
of the limit set of L). For instance, certain quasi-isometry types for L can force nontrivial 
homology in it4 (Theorem l(a)). Again, certain quasi-isometry types can only occur as proper 
leaves (Theorem 5) and others can only occur as nonproper leaves (Theorem 3). We are also 
interested in existence theorems (cf. Theomem 2 and Theorem 4). 
A beautiful example of this sort of result is given by A. PhiIlips and D. Sullivan[lS]. They 
prove that, if M is a rational homology 3-sphere and L is a leaf with polynomial growth in a C’ 
foliation of M, then L has average Euler characteristic zero. For instance, in Fig. 2 the only 
candidate for a leaf in S3 is the infinite Loch Ness monster. 
01. STATEMENTS OF RIBULTS 
Let N be an open, orientable surface, and let e E EP(N) be an isolated element. Then e 
corresponds either to a connected sum decomposition N = N* # R2 (an isolated planar end) or 
to N = N* # T, (an isolated nonplanar end). 
Recall that a leaf is said to be proper if it is not asymptotic to itself. 
THEOREM 1. Let M3 be a rational homology 3-sphere, L u leaf with nonexponentiul growth in 
u transversely orientuble C2 foliation of M3. If L has an isolated nonplanar end, then 
(a) L is homeomorphic to T,, 
and 
(b) L is not a proper leaf. 
THEOREM 2. Let M be an arbitrary closed 3-manifold. Then there is u transversely orientable 
C” foliation of M with (nonproper) leaf L that has quadratic growth, average Euler churuc- 
teristic zero, and the homeomotphism class of T,. 
Remarks. (1) Both assertions in Theorem 1 are false for C’ foliations and for closed, 
orientable 3-manifolds that are not rational homology spheres131. 
(2) By examples in [IS], leaves homemorphic to T, appear with average Euler characteristic 
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zero and polynomial growth of each degree r L 3 is suitable C” foliations of all closed 
3-manifolds. Theorem 2 extends this to the case r = 2. We will sketch two proofs, in one of 
which the leaf appears as the infinite Loch Ness monster. 
The surfaces N, and NZ of Fig. 1 pertain to a sequence N, r 2 0, defined as follows. Set 
No = R2 and, inductively, define N, to be the infinite connected sum N,_, #N,-, # . . ., r 2 1. 
In 8(N) it is natural to consider the first derived set 8’(N), consisting of the cluster points 
of 8(N), the second derived set S2(N), consisting of the cluster points of Z?‘(N),-etc. By 
convention go(N) = i%‘(N). In the above examples, 8’(N,) is a single point, and this suggests a 
definition. 
Definition. An open, connected manifold N is of type r if 8’(N) is a finite, nonempty set. If 
no such integer r exists, N is of infinite type. 
In [4] we show that, for C2 foliations of codimension one, leaves with polynomial growth 
must have finite type. Indeed, growth of degree r restricts the type to be at most r. In [3] we 
show that every orientable surface of finite type, with the possible exception of N,, r L 1, is 
homeomorphic to a proper leaf with polynomial growth in suitable C" foliations of suitable closed 
3-manifolds. Finally, each N, does occur as a nonproper leaf with polynomial growth in 
suitable C” foliations of all closed 3-manifolds[3]. 
THEOREM 3, If r I 1, then N, cannot be homeomorphic to a proper leaf with nonexponential 
growth in any C2 foliation of any closed 3-manifold. 
COROLLARY 1. If r 2 1, then N, is homeomorphic to a leaf with polynomial growth in suitable 
C” foliations of all closed 3-manifolds, but this is never a proper leaf. Up to homeomorphism’ 
these are the only orientable surfaces for which this is true. 
THEOREM 4. If r z 1, the surfuce N, # N, is homeomorphic to a nonproper leaf with 
polynomial growth of degree r + 1 and average Euler characteristic zero in suitable C” foliations 
of all closed 3-manifolds. 
But N, # N, # . . . # N,, with more than two summands, cannot be homeomorphic to a 
nonproper leaf with polynomial growth. Indeed, 
THEOREM 5. Let L be a nonproper leaf with nonexponential growth in a C2 foliation of some 
closed 3-manifold. Suppose L = N* # N, # . . . # N, r r 0, where N* is an orientable surface 
(open or closed) with no isolated planar end, and there is at least one summund N, Then 
N* = S2 and there are at most two summands N, That is, L = N, or N, #N,. 
For the case r = 0, Theorem 5 and a construction due to B. Raymond[l6] have the following 
consequence. 
COROLLARY 2. Let N be the surface obtained from R2 by deleting a Cantor set. Let M be a 
rational homology 3-sphere. Then N is homeomorphic to u leaf with exponential growth in a 
suitable transversely orientable C” foliation of M, but is not homeomorphic to a leaf with 
nonexponential growth in any such foliation. 
We believe this to be the tist known example of an open surface occuring as a leaf in S3 
whose intrinsic topology forces its growth type there. We can remove the requirement that M 
be a homology sphere, but that is best treated elsewhere. 
Let M be a closed 3-manifold with a foliation 9 of class C2 in which each leaf has trivial 
holonomy. 
COROLLARY 3. The only open, orientable surfaces that can occur us leaves in such a foliation 
9 are the ones homeomorphic to R*, R2 # R2, T,, or T, # T,. 
Indeed, by [18], the leaves are mutually diffeomorphic and each leaf, if noncompact, is 
dense in M. By [14, Theorem 6.31, each leaf has polynomial growth. In [4] we prove that each 
leaf has at most two ends. These results, together with Theorem 5 (again for r = 0) and the 
classification theory of surfaces[17] give the corollary. Standard examples show that the four 
possibilities do occur. 
The proof of Theorem 1 wiIl be completed in 06. Theorem 3 and Theorem 5 will be proved 
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by induction on r in QS, where Corollary 2 will also be discussed. The constructive proofs of 
Theorem 2 and Theorem 4 will be given in Section 9. 
Let A be the annulus S’ x [0,2] with a smooth foliation, trivial at the boundary (in the sense 
of [8, p. 3801) all interior leaves being spirals winding in on both boundary circles. It can be 
arranged that the foliation is invariant under rotations and transverse to S’ X (1). Let I X A be 
foliated by leaves I x L where L ranges over the above leaves. Finally, identify (0) X A to 
(1) x A via a rotation through 27rp radians. There results a smooth foliation of T2 X [O, 21, trivial 
at the boundary. We denote this foliation and its restriction to T2 X [O, 1) by %& and remark that 
it depends up to homeomorphism only on p (mod 1). 
The foliation .BEo f TZ x [0, 1) is homeomorphic to the foliation obtained by removing a 
closed tubular neighborhood of the core transversal from the Reeb foliation of S’ x D*. If p is 
rational, sP is homeomorphic to & via a suitable unimodular transformation. Thus, in these 
cases, the interior leaves are cylinders winding in on the boundary component(s) asymp- 
totically. If p is irrational, the interior leaves are dense and each has the quasi-isometry type of 
R2 (or of the open half plane if SE, is restricted to T2 x [0, 1)) with the usual Euclidean metric. 
Let K2 denote the Klein bottle and p x 1: T2 x [0, 1) + K2 x [0, 1) the double cover. Define a 
foliation 3 * on K2 x [0, 1) by removing a closed tubular neighborhood of the core transversal from 
the Reeb foliation of the solid Klein bottle. This description determines 9?!* up to homeomorphism. 
The interior leaves are open cylinders and (p x l)-I(%!*) = %?!o. 
The following is rather well known to the experts, but for completeness we choose to sketch 
an elementary proof. It is a lemma crucial to the whole paper and is one of the places where 
differentiability of class C2 is critical. 
(2.1) LEMMA. Let 9 be a C2 foliation of a 3-manifold M, L a noncompact leaf, T a compact 
leaf in the closure of L, and suppose that the normal bundle of Tin M is trivial. If T = T2, there 
is a smooth imbedding i: T2 x [0, 1) + A4 such that i( T2 x (0)) = T, L n Im(i) f 8, and i-‘(a z .%,, 
for suitable p. If T = K2, there is a smooth imbedding i: K2 x [0, l)+ M with i(K2 x (0)) = T, 
L n Im(i) + 0, and i-‘(F) = 92*. 
Proof. On a side of T approached by L, consider the one-sided holonomy of T. This is a 
representation of n,(T) by germs at 0 of local diffeomorphisms of [0, 1) fixing 0. We pick 
representative diffeomorphisms f and g corresponding to generators of rl(T). In case T = K2, 
we can assume the basic relation fg = gf-‘, hence in all cases we can assume that f and g2 
commute. It follows that, if f and g each have fixed points in (0,I) arbitrarily near 0, then they 
have common fixed points near 0, contradicting the fact that L approaches T. We can suppose 
that either f or g2 is a contracton to 0. If f is a contraction, then T = T2. Otherwise, the 
inequalities f-‘(x) > x and g(f-l(x)) = f (g(x)) < g(x) contradict the fact that g preserves 
orientation. Suppose first that there is a pair of integers (n, m) # (0,O) such that g2” and f m 
agree at some point. Then, by the Kopell Lemma[7, Lemma 11, f” = g2” on their common 
domain. For this, C2 differentiability is needed. If n = 0, then f is the identity and we obtain the 
cases i-‘(S) G 930 or 3, according as T = T2 or T = K2. Otherwise, f is a contraction, T z T2, 
and a suitable unimodular transformation allows us to assume that g is the identity, again giving 
i-‘(9) = SREo. If the above pair of integers does not exist, then f and g must be fixed point free, 
T = T2, and fg = gf. It is classical (cf., [5, p. 409 and p. 4141) that an orientation preserving 
homeomorphism of (0,l) onto (- w, 0) can be chosen that converts f and g into rationally 
independent translations, and this gives i-‘(S) = SE, for some irrational number p. 1. 
Notice. Throughout the rest of this paper, the symbol %P will only be used when p is 
irrational. The alternative case will be denoted explicitly by se,. 
If a noncompact leaf is not everywhere dense in the closed manifold M, then the only way it 
can fail to approach a compact leaf is by approaching an exceptional minimal set. The following 
lemma, implicit in [13], will be needed to deal with this possibility. 
(2.2) LEMMA. Let L be a leaf of a C2 foiiation of codimension one in a closed manifold M”. 
If L has nonexponential growth, then the closure of L in M” does not contain an exceptional 
minimal set. 
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Proof. Suppose X C L is an exceptional minimal set. By [18, Theorem I] (a strictly C* 
result) there is a leaf L, C X having an element y of 2-sided contracting holonomy at (say) 
~0 E L,. Let J C dam(y) be a compact transverse arc through x0. Since L has nonexponential 
growth and L n J# 8, there is a holonomy invariant measure p on J such that p(J) = 
1114, 3.11. But {x0} = : r”(J), hence p{xo} = 1. But then each point of the infinite set L1 f) J 
n=O 
has measure 1, a contradiction. 
The closure of a leaf L in M contaius certain important closed subsets. If e E 8(L), there is 
a sequence of compact subsets K, C K2 C . . . C L such that L = c Ki and a sequence 
i=l 
L 3 U, 3 u*> . . . where Ui is an unbounded component of L - Ki and {Ui} defines a 
fundamental system of neighborhoods of e. Let Ui* denote the closure of Ui in M and set 
A, = : U,?. This is a compact, nonempty, s-saturated set called the asymptote (or limit set) 
!=I 
of e. If L’ C A, is a leaf, then e is said to be asymptotic to (or to approach) L’. 
(2.3) Definition. If A, consists of a single compact leaf, the end e is said to be nicel191. 
93. TEE ASYMPTOTIC BEHAVIOR OF ISOLATED PLANAR ENDS 
Let 9 be a codimension-one C* foliation of a closed 3-manifold M, L an an open orientable 
leaf with an isolated planar end e. 
(3.1) PROPOSITION. If e is asymptotic to a closed leaf with nonvanishing Euler characteristic, 
then L has exponential growth. 
For the proof we need some preliminary discussion. 
Recall that the union X of all compact leaves is a compact set[6]. Also, it is well known and 
elementary that every compact leaf is singly or doubly covered by all compact leaves that come 
sufficiently close, so the union X0 of all compact leaves with zero Euler characteristic is also 
compact. The following is now obvious. 
(3.2) LEMMA. Let T C A, be a compact leaf with x(T) # 0. Then there is a normal 
neighborhood V of T with V n X0 = C#J. 
Take T and V as in (3.2). Let K c L be compact such that an unbounded component U 
of L - K is homeomorphic to S’ x R and defines the isolated planar end e. Without loss of 
generality, assume that V n K = 4. Let xoE T and let J be the normal fiber of V at XO. Remark 
that x0 is a cluster point of U fl .I. 
Consider T as a leaf of 91 V and let X(T) be the holonomy group. Thus we consider the 
germs at x0 of local diffeomorphisms of J produced by elements of the holonomy pseudogroup 
I of SlV fixing x0. In particular, if x E U n J and s is a loop on T at x0 such that 
H, E J%‘(T) is represented by f E r having f(x) = x, then s is freely homotopic within V to a loop s’ 
in L n V based at x. Since s’ misses K it must be contained entirely in U. 
For x E J -{x0}, define G, C ~T,(T, x0) to be the set of elements a such that some 
f E H, E Z(T) has x E dam(f) and f(x) = x. This is a subgroup. If x E U n .I, the con- 
struction in the previous paragraph defines a homomorphism G, + a,( U, x) sending a --, a’, 
a = [s] and a’= [s’]. 
(3.3) LEMMA. 1f x E U n J, G, is either trivial or infinite cyclic. 
Proof. Since U = S’ x R, it is enough to show that the homomorphism G, + n,( U, x) is 
injective. Let a E G, with a’ = 0. Let s be a loop on T based at x0 that represents a. By 
assumption, there is a continuous map cp: ti --, M, cp]@ = s, Im(rp) = C1 U C2 where C, C V 
and C2 is a compact subset of L. Thus Im(cp) is bounded away from X0. A famous result of S.P. 
Novikov [ 121 implies that, if a # 0, then an arbitrarily small perturbation of cp, hence (p itself, has 
image meeting X0, a contradiction. I 
We are ready to prove (3.1). It will be convenient to assume transverse orientability by 
passing, if necessary, to a double cover. By the Reeb stability theorem, T cannot be 
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homemorphic to S* or to Rp*, so x(T) < 0 and nl( T, x0) contains free subgroups Fk on any 
finite number k of letters. Fix F3 C I~,(T, x0) on generators &, &, &. Fix representatives 
fi E Hti E X(T), and choose J’ C J to be an open subarc through x0 such that J’ C dom (fi” ), 
E = + 1, i = 1,2,3. Let x E U n J’. Then G, r\ F3 is cyclic or trivial by (3.3) so we can assume 
G, fl F2 to be trivial where F2 is generated by & and t2. Thus, distinct words in f, and f~, if 
defined at x, are distinguished by their values at x. If y E J’, transverse orientability implies 
that either f;(y) or fi-‘(y) E J’, i = 1, 2. Also, if y = f:(z) is between x0 and Z, then f,‘(y) is 
between x0 and y. It follows that, for each integer n I 1, there are at least 2” distinct words of 
length 5 n in f, and f2 that are defined at x. Thus a finitely generated pseudogroup realizing X(T) 
has exponential growth at x, so L has exponential growth and (3.1) is proven. 
Recall the definition (2.3). 
(3.4) COROLLARY. Let L be a leaf with nonexponential growth in a C* foliation of M. If e is a 
nice isolated planar end of L, then A, = T with x(T) = 0. Furthermore, if L is proper every 
isolated planar end is nice. 
Proof. The first asertion is an immediate consequence of (3.1). For the second assertion, 
assume as usual that the foliation is transversely orientable. If e is an isolated planar end, then, 
by (2.2). e is asymptotic to a closed leaf T, by (3.1) that leaf has X(T) = 0, and by (2.1) 
it must coincide with A,. ??
(3.5) COROLLARY. Let L be a leaf with nonexponential growth in a transversely orientable C2 
foliation of M. If e is an isolated planar end of L, but is not nice, then L = A, and is a compact 
manifold with (possibly empty) boundary a finite union of toral leaves. Each compact leaf of A, 
is a torus and each noncompact leaf of A, is dense in &. 
Proof. If A, contains no compact leaf, then 4 = M is a minimal set by (2.2) and we are 
done. Suppose that T C A, is a compact leaf. By (3.1) x(T) = 0, and by (2.1), T is a torus 
and the foliation near T, on a side from which T is approached by e, is homeomorphic to 
R,. It follows that A, = L and that A, has nonempty interior. If Lo C A, is a 
noncompact leaf, then it approaches a toral leaf, hence enters a part of the foliation 
homeomorphic to 9& It follows that L C IO, hence A, = Eo. Also, Lo C int(A,), so the set 
theoretic boundary (if any) of A, is a necessarily finite union of toral leaves, each bordered on 
one side by the interior of A, and on the other side by M - A,. 
$4. ISOLATED NONPLANAR ENDS IN HOMOLOGY SPHERES 
In this section let M be a rational homology 3-sphere, 9 a transversely orientable C* 
foliation of M, L a leaf of 9 with nonexponential growth, e an isolated nonplanar’end of L. 
(4.1) LEMMA. The aymptote A, contains a finite nonempty collection of toral leaves and does 
not contain any other minimal sets. 
Proof. By (2.2), 4 cannot contain an exceptional minimal set. Neither can it contain 
infinitely many compact leaves. Indeed, a limit leaf of a sequence of compact leaves is 
compact[6] and a standard argument shows that L cannot approach every leaf of the sequence 
near the limit leaf. Finally, by [14, 6.41, there is a compact leaf in 9, hence M itself is not a 
minimal set. It follows that the compact leaves of A, form a finite nonempty set, all of them 
being tori since M is a homology sphere. 
(4.2) LEMMA. The asymptote A, is a compact manifold with (possibly empty) boundary a 
finite union of toral leaves. Furthermore, A, contains L and every noncompact leaf of A, is 
dense in A,. 
Proof. If T C A, is a toral leaf, then, by (2.1), a side of T from which e approaches must be 
foliated by 9p Otherwise, it would be foliated by 9. and, by an elementary argument, e would 
either be a planar end or a limit of planar ends. The proof is now completed as in (3.5). ??
We remark that the hypothesis of nonexponential growth has been used in this section only 
to exclude the possibility of minimal sets in z other than compact leaves. Consequently, the 
following result is implicit in the above. 
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(4.3) PROPOSITION. Let L be a proper leaf of a transversely orientable C2 foliation of a 
rational homology 3-sphere. If L has an isolated nonplanar end, then L has exponential growth 
and approaches an exceptional minimal set. 
We do not know whether T,, for instance, can be a proper leaf in a C2 foliation of S3, but 
(4.3) shows that the construction of such a foliation would be a somewhat delicate task. 
05. A LEAF PRESERVING FLOW 
Under the hypotheses either of (3.5) or of (4.1) and (4.2), cut A, open along every interior 
toral leaf (if any). This produces a new compact, connected, foliated 3-manifold X, with 
(possibly empty) boundary ax, a finite union of toral leaves. Every interior leaf is dense in X,. 
Let Eo denote the bundle of tangent planes to the foliation of int (X,). The following is a slight 
modification to our situation of results of [ 181 and [ 131. 
(5.1) LEMMA. There is a Co flow cp: X, xR +X,, transverse to the leaves, such that 
(a) cp is stationary along 8X,; 
(b) (p is nonsingular in int (X,); 
(c) each (pr maps each leaf diffeomorphically onto a leaf; 
(d) the Jacobian defines a bundle map Q~*: Eo+ E. varying continuously with t. 
Proof. Let Z be a smooth transverse circle in the interior of X, The holonomy pseudogroup 
r defined on I: by the foliation is countably generated and has nonexponential growth at each 
x E C n L, hence by [14,3.1] there is a normalized r-invariant Bore1 measure P on 2. Since 
every r-orbit is dense, supp (II) = 2. There is a smooth vector field v on X, everywhere 
transverse to leaves and p is carried via holonomy transformations onto every trajectory of v 
in the interior of X,. This defines a local C? flow on the interior leaving the foliation invariant. 
As a trajectory approaches 8X, the measure becomes unbounded since the holonomy of each 
boundary leaf has contracting elements, and it follows that the local flow extends continuously 
so as to be stationary along ax, By compactness, the local flow defines a global flow on X, 
satisfying (a), (b), and (c). As in [18], put a new differentiable structure on int (X,) in such a way 
that the induced structure on each leaf is unchanged, but the flow becomes smooth. The bundle 
E. remains naturally a sub-bundle of the new tangent bundle and property (d) follows readily. 
___~ 
%. THE PROOF OF TJIEDREM 1 
We assume that M3 is a rational homology sphere, 9 a transversely orientable C2 foliation 
of M3, and L a leaf with nonexponential growth. We further suppose L = N # T, where N is 
an open orientable surface. Our goal, of course, is to produce a contradiction. 
Let e be the isolated nonplanar end of L corresponding to the summand T,, and take X, and 
9 as in 05. Let &c K1 c c” ‘C Kn 1’ ” C T, be a nest of compact connected sets 
with U. > U, > . . . 3 U,, C ..a unbounded components of the respective T, - Ki such that 
h rJi = 8. Assume that KO = So is a smoothly imbedded circle in L such that the components Uo, 
i=O 
UA of L - So are respectively U. = T, - (disk) and Uk = N - (disk). 
Fix any smooth Riemannian metric on X, thus inducing a complete Biemannian metric on 
each leaf. All lengths and areas in leaves will be measured using this metric. 
The key lemma follows. 
(6.1) LEMMA. Given any E > 0, there is a sequence {ti} C [- E, el such that, for all i r 1, 
(a) Qs (L) = L; 
(b) S = Qti(SO) C Ui; 
(c) Uo- Si has two components, an unbounded component W: and a component Wi of finite 
urea with boundary So U Sj in L. 
Proof. Choose x0 E So. Since X, = ; U,?, we can choose Xi E Ui with x0 = lim (xi) in X,. 
i=l 
This choice can be made so that each Xi lies in the transverse arc Q~_.~,~~(x~), hence we obtain a 
sequence {ti} C [ - r, Q] such that CP,,(XO) = Xi. This of course, implies that Qfi(L) = L. Set 
Si = cps(&)- By property (d) of (5.1) there is a finite upper bound R to the lengths of these 
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circles Sip so passing to a subsequence of {xi}, but not of {Ki}, we assume that the distance of Xi 
from Ki in L is always greater than R. Since Xi E Si, we conclude that Si C Ui. Since (pc maps 
L homeomorphically onto itself, each L - Si has two components, both unbounded. Let % be 
the component missing So and let N be the component containing So. Then % C UO and 
Wi = @ fl U, has boundary So U Si in L. Since g is unbounded and T, has only one end, Wi 
must be finite in area. ??
Let T C dX, be a component, and let V be a normal neighborhood of T in X, such that 
q V= 9,,. We can also assume there is E >0 such that the compact set +c.61(So) misses V. 
Since X, = n Ui* and U,,C fl Ki, we can find n large enough so that U, n K,, n Vf 0. Let 
y E U. n K, n V and let L, be the leaf of 91 V through y. Since S, C U, and K, is 
connected, we have y E W,, and since L, does not meet S0 nor S,, we have L, C W,,. But 
every leaf of $1 V = iBp has infinite area, contradicting property (c) of (6.1). 
The fact that T, cannot occur as a proper leaf with nonexponential growth has already been 
observed in §4, so the proof of Theorem 1 is complete. 
57. AMPUTATING NICE ISOLATED PLANAR ENDS 
The surgical amputation process developed here will be essential for the inductive step in 
the proofs of Theorem 3 and Theorem 5. 
Let L be an orientable leaf with nonexponential growth in a C* foliation of the closed 
3-manifold M. As observed in the proof of (4.1), L cannot approach infinity many closed leaves, 
so (3.4) implies that there is a finite set {T,, . . . , T,} of compact leaves with x(Ti) = 0, 1 5 i s r, 
such that, for each nice isolated planar end e of L, A, = ‘I;: for some i. 
Let W be the compact foliated manifold with boundary obtained by attaching suitable 
boundary leaves {Ti, . . . , Ti} to the foliated component of M - U Ti containing L. There is a 
natural immersion p: W + M, injective on int ( W), with p : d W + U Ti either a diffeomorphsim 
or a double covering on each component. Each Ti’ has zero Euler characteristic. If T; is not the 
asymptote of any nice isolated planar end of L C W, then it is carried by p homeomorphically 
onto some Ti, where the normal bundle of Tj in M is orientable and nice isolated planar ends of 
L are asymptotic to Tj on only one side, the foliation on that side being homeomorphic to 9&, or 
9*. Thus, it is possible to glue to W a suitably Reeb foliated solid torus or solid Klein bottle 
along z so that the resulting foliation is of class C*. If Ti’ is the asymptote of at least one nice 
isolated planar end of L, then by (2.1) the foliation is a collar neighborhood (1, 0] x T: = V of T; 
in W is homeomorphic to se, or 3, and {$} x c corresponds to a transverse manifold to this 
foliation. Excising (i, 0] x c and suitably gluing on a solid torus or solid Klein bottle, foliated 
by disks transverse to the boundary, we produce a C* foliation in which every nice isolated 
planar end of L asymptotic to T; has been amputated and the stump healed with a disk (Fig. 3). 
In this way, a new C*-foliated closed 3-manifold M’ is produced with a leaf L’ having 
nonexponential growth and having 8(L’) homeomorphic to the complement in 8(L) of the set 
of nice isolated planar ends. Also, genus (L’) = genus (L). 
f --- ------ ----,___I 
Fig. 3. 
08. TEE PROOFS OF THEOREM 3 AND THEOREM 5 
In order to prove Theorem 3, we assume that L is a proper orientable leaf with nonex- 
ponential growth in a C* foliation of some closed 3-manifold M. By (3.4), every isolated planar 
end of L is nice. Let M’, L’, and W be as in 07. 
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(8.1) LEMMA. If L has infinitely many isolated planar ends, there is a closed transversal u to 
the foliation of M’ that meets L’ infinitely often. 
Proof. Some T,! is the asymptote in W of infinitely many isolated planar ends of L. The 
core transversal of the disk-foliated solid torus or solid Klein bottle glued to {;}x T: provides 
the desired CT. 
(8.2) LEMMA. 1f Theorem 3 is true for r = 1, it is true for all r 2 1. 
Proof. If r > 1 and N, is homeomorphic to a proper leaf L with nonexponential growth in a 
C* foliation of some closed M, then the corresponding L’ in M’ is homeomorphic to N,_,. The 
assertion follows by induction. ??
Suppose, then, that M has a C* foliation in which a proper leaf L homeomorphic to N, has 
nonexponential growth, and pass to M’ with a proper leaf L’s NO = R* having nonexponential 
growth and, by (8.1), meeting a closed transversal u infinitely often. We can assume that neither 
the local orientation of M’ nor the local transverse orientation of the foliation is reversed by 
going once around g, so by passing to a suitable finite cover we lose no generality in assuming 
M’ orientable and the foliation transversely orientable. Let T = T* be the asymptote of the end 
of L’. Near T and on the side from which it is approached by L’ the foliation is homeomorphic 
to Se,,, hence there is a loop on T not nullhomotopic there, but freely homotopic to a loop on L’ 
that is necessarily nullhomotopic there. By Novikov’s theorem[12], L’ will be a leaf in a Reeb 
component and this contradicts the fact that L’ meets u infinitely often. The proof of Theorem 
3 is complete. 
In order to prove Theorem 5, we begin by assuming that L is an orientable leaf with 
nonexponential growth in a C* foliation of a closed 3-manifold M. 
If e is an isolated planar end of L, then there is an orientable surface N with L = N -{e}. 
The kernel of the homomorphism r,(L, x0)_* ?zl(N, XO), induced by inclusion, will be denoted 
G,(xO). If h: L+ L is a homeomorphism that extends to a homeomorphism of N onto itself, 
then the isomorphism h *; w(L, XO)-+ w(L, h(xo)) cakes G&J onto G(h(x,)). 
(8.3) LEMMA. If e as above is not nice, then either L = R2 or L = S’ X R. 
Proof. Without loss of generality we can assume that 9 is transversely orientable (by lifting 
to a double cover). Taking L = N -{e} as above, we must prove that N is simply connected 
(that is, that N is homeomorphic to S* or R*). 
By (3.5) and (5.1), we have X, and the flow cp. Let S C L be an imbedded circle such that 
one of the components U of L - S is a neighborhood of the end e and is homeomorphic to 
S’ x R. Choose x0 E U. We can choose a sequence {ti}Fzl of numbers converging to 0 such that 
xi = cpti(xo) defines a sequence in U converging to e. Of course, in M we have lim (xi) = x0. We 
can also assume 4pti(S) n S = 4 for all i 2 1, so cp(,(U) C U and it follows that cpJU) is a 
neighborhood of e, all i 2 1. The details are as in the proof of (6.1). Thus each homeomorphism 
qt,: L+ L extends to N, hence cpt: I~~(L,x,)+~T~(L,x~) sends exactly the elements of G,(xo) 
to the elements of G,(xi). 
Assume that N is not simply connected and let So C N be a smoothly imbedded circle 
through x0 missing e and defining a nontrivial element of n,(N, x0). Thus, the element of 
n,(L, x0) defined by So is not in G,(x,). But, by property (d) of (5.1), there is an upper bound to 
the length of the circles cpti(So) = Si. Here, of course, we measure lengths by a Riemannian 
metric on X,. Since {xi} converges to e in L, the distance in L from xi to S increases without 
bound. For n sufficiently large, it follows that S. C U, hence that S,, defines an element of 
G,.(X,). By the previous paragraph, this is a contradiction. I 
Let NF = N, # . . . # N, (k summands). Assume that L is nonproper and homeomorphic to 
N .+ # N,k, r z 0, k 2 1, where N, is orientable without isolated planar ends. 
(8.4) LEMMA. If r = 0, then L is homeomotphic either to No or to No # No. 
Proof. As usual, we can assume transverse orientability. If one of the isolated planar ends e 
is nice, it is asymptotic to a compact leaf T, x(T) = 0, near which (and on a side from which e 
approaches) the foliation is homeomorphic to go or Be,. Since there are only finitely many 
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isolated planar ends of L, it follows that L cannot pile up on itself near T, hence that L is 
proper. This contradicts our hypothesis, so the assertion follows by (8.3). a 
The following completes the inductive proof of Theorem 5. 
(8.5) LEMMA. If for some r = q L 0 it has been shown that N, = S2 and k I 2. then the same 
willholdforr=q+l. 
Proof. We use the technique of amputating isolated planar ends. If L = N, # N,k+l, then L 
cannot be homeomorphic to the plane or the cylinder, hence (8.3) guarantees that every isolated 
planar end is nice. Proceeding as in 87, we perform cut-and-paste operations so as to produce a 
new closed foliated M’ having a nonproper leaf L’ = N * # Nqk with nonexponential growth. By 
the inductive hypothesis, N, = S2 and k I 2. 
Finally, we remark on Corollary 2 of Section 1. The surface N obtained by deleting a 
Cantor set from R2 is homeomorphic to N, # No where N, is obtained from S2 by deleting 
a Cantor set. By Theorem 5, N cannot occur in any closed C2-foliated 3-manifold as a non- 
proper leaf with nonexponential growth. If N occurs as a proper leaf with nonexponential 
growth in a transversely orientable C2 foliation of a rational homology sphere, let e be any end 
of N other than the isolated end. As usual, A, must contain a toral leaf T and, N being proper, 
the foliation near T on a side from which e is asymptotic has the form %,. This contradicts the 
fact that e is not isolated and is not a limit of isolated ends. Finally, Raymond[16] foliates a 
certain 3-manifold M (the double of the complement of the trefoil knot) so as to produce an 
exceptional minimal set and a continuum of proper leaves, each homeomorphic to N, and 
having exponential growth. There is a transverse circle meeting each of these proper leaves just 
once, and the standard modification along this transversal inserts a Reeb component and 
converts each of the proper leaves to a leaf homeomorphic to N, # R2. Furthermore, if the 
transverse circle was correctly chosen, excising the interior of this Reeb component leaves 
behind a foliated solid torus which, as usual, can be realized as a part of a transversely 
orientable C” foliation in every closed 3-manifold. The details for this will be found in [16], so 
we have said enough here to establish the corollary. 
Remark that the manifold was assumed to be a rational homology sphere only in order to 
exclude the possibility of N being a proper leaf. We can prove that the corollary is true in all 
closed 3-manifolds. 
89. THE PROOFS OF THEOREM 2 AND THEOREM 4 
We sketch two constructions, each of which esablishes Theorem 2. 
Let I = [0,2] and foliate T2 x I by 9$, as described in 02, the foliation being trivial at the 
boundary. Produce a smoothly foliated S’ x O2 by sewing a Reeb component along one 
boundary torus of T2 x I. Let T be a transverse circle isotopic to the core circle of the solid 
torus and meeting only the planar leaves of sep Removing a small tubular neighborhood of T 
again produces a smoothly foliated T2 x I, but this foliation is transverse to T2 x (0) and induces 
there the foliation by meridian circles. Each leaf meeting the boundary is a copy of R2 with 
countably many open disks removed that diverge “linearly” to 03 in R2. These leaves, of course, 
are highly nonproper. Glue two copies of this foliated T2 x I together via the identity map along 
T2 x (0). This again produces a copy of T2 x I with smooth foliation trivial at the boundary and 
having a nonproper leaf (the double of the leaf just described) homeomorphic to T, with 
quadratic growth. Finally, gluing another Reeb component to one boundary torus gives a 
smoothly foliated S’ x 02. As is standard, this can be inserted as a component of a transversely 
orientable C” foliation of each closed 3-manifold. The fact that the leaf homeomorphic to T, 
has average Euler characteristic zero is rather evident from the construction. This also follows 
by the Phillips-Sullivan theorem [ 151 since the whole construction imbeds in a foliation of S3. 
Theorem 2 is proven. 
In the above construction T, does not appear as the infinite Loch Ness monster. We will 
sketch very briefly a construction in which it does so appear. The complement of the trefoil 
knot in S3 fibers smoothly over S’, the fiber being a disk with one handle attached. Pertinent 
references include [2, 10,201. This is an “open book” decomposition of S3. Excising a tubular 
neighborhood of the knot and another tubular neighborhood of an unknotted transverse circle 
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that is simply linked with the knot, we get a manifold W homeomorphic to a solid torus minus, a 
trefoil knotted core tube, and a smooth fibering of W over S’ with fiber an annulus with one 
handle attached. The fibers meet each boundary torus in longitudinal circles. Also, a suitable 
disk-shaped section of the solid torus defines an annular section A of W meeting the fibers in 
radial lines. Cutting W open along A and regluing via an irrational rotation produces a new 
foliation of W with each leaf as in Fig. 4. The induced foliation of each boundary torus is an 
irrational slope foliation, hence the foliation can be smoothly “spun” along these tori so as to 
produce a foliation trivial at the boundary, each interior leaf having the quasi-isometry type of 
the infinite Loch Ness monster. Finally, the trefoil-knotted worm hole is filled in with a Reeb 
component. 
Fig. 4. 
We turn to Theorem 4. In [3,4.8] a C” foliation $n r 1 1, of S’ x 0’ was constructed having 
the following properties. The foliation is transverse to the boundary, inducing there the foliation 
by meridian circles (0) x D*, each such circle being the boundary of a leaf LB that is 
homeomorphic to the complement of an open disk in N, # N, There is a single polynomial (of 
degree r+ 1) dominating the growth function gcd,Jf) of every Lo. Here, g(B,xo)(t) denotes the 
area of the disk of radius c in LB centered at (6, x0) E (6) x do*. 
In T3 = R3/Z3, consider the basic generating circles ul, u2, and g3 coming from the 
coordinate axes in R3. By [9], the complement in T3 of the union of disjoint, open, tubular 
neighborhoods of uI, a2, and cr3 is diffeomorphic to the complement in S3 of three disjoint 
unknotted (but linked), open solid tori. 
In T3, the circles ul, u2, and u3 are transverse to a smooth foliation by cylinders, each leaf 
being everywhere dense and having linear growth. Let u be a fourth transverse circle disjoint 
from these three. Standard modification along each ai converts the leaves to copies of N, # N, 
with quadratic growth. Exising the three Reeb components and suitably reattaching two of them 
produces a solid torus, with a C” foliation trivial at the boundary, having a nonproper leaf 
N, # N, with quadratic growth. Finally, if a tubular neighborhood of u is replaced by S’ x D*, 
foliated by sr_,, one obtains N, # N,, with growth of degree r + 1, as a nonproper leaf in a C” 
foliation of the solid torus trivial at the boundary. 
As usual, this construction is inserted as part of suitable foliations in all closed 3-manifolds. 
In particular, it so inserts into S3 so by [15] the leaf in question has average Euler characteristic 
zero. 
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